Complex Numbers

Cambridge International AS & A Level - Mathematics 9709
Paper 3: Pure Mathematics 3 - Exam-style question bank

Original Steps to Conquer practice questions in the style of recent 9709 Paper 3 examinations - not past Cambridge questions.
Marks are shown in brackets [ |. Give non-exact answers to 3 significant figures (1 d.p. for angles) and show full working.

Questions

. . . Zl . .
1 Letz1=3+2i andz=1-4  Findz122 and 7 in Cartesian form. [5]

2 Find the modulus and argument of 2 = —2 + 2v3,i  Give the argument in radians, where
0<argz<2mw [4]

3 Solve the equation 2 —42+13=0  [4]

4 A cubic polynomial with real coefficients has roots 1 +-2¢ and —3. Find the polynomial in the
form 2+ az? +bz+c . [6]

5  Find the two square roots of 5 +12¢ | giving your answers in exact Cartesian form. [6]

6 Given z1 = 2(COS 30° + i sin 300) and zZ9 = 3(COS 80° + i sin 800) R ﬁnd 2122 in polar form'

[3]

7  Thelocus |2—(2+17)[=3  isshown on the Argand diagram below. Describe the locus fully.
[3]

Im

Re

1 1 1 1
-2 0 2 4 6

Argand diagram for Question 7.
8  Find the Cartesian equation of the locus |2 — 1| = [z+3i  wherez=z+1iy . [6]

9  Describe the region represented by |z =2/ <[2+2|  where 2=z +iy _[5]

10 The complex number z is transformed to w = (L +4)z  Describe the geometrical effect of this

transformation and find the image of 2 =2 —i | [5]
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Worked solutions

Full methods with final answers. Other valid methods may also earn full marks.

1

2129 = (34 20)(1 — 4i) = 3 — 120 + 2 — 8i> = 11 — 10
2 342 144

2 1—4i 1+4i

34120+ 2 +8° —5+14

17 17

2 5,14
A2 _ 5 14,
So %, 17 17

2 = /(-2)2 + (2v3)? = 4

The point is in the second quadrant and tané = V3

727r
Hence 3'8% = 3~
L, 4+ VI6-52
- 2
L 4£V/36
B 2
z=2+3

Since the coefficients are real, 1 — 2¢ is also a root.
The quadratic factor from the complex roots is (z — (14 24))(z — (1 — 2i))
=(z2—1)2+4=22-22+5

Including the root —3, the polynomial is (2 + 3)(z* — 22+ 5)
=24+22—24+15

Let a square root be @ + bi |
(a+bi)2 =a% — b + 2abi =5+ 12i

Soa?—b =5 and2ab=12

Also @ +b% = |5+ 12i| = 13

Adding gives 2° =18 goa=+3
Then b = £2 with the same sign as a.

The square roots are 3 +2¢ and —3 —2i |

When complex numbers in polar form are multiplied, moduli multiply and arguments add.
|z122] =2-3=6

arg(z1z2) = 30° 4+ 80° = 110°

2122 = 6(cos 110° + isin 110°)

lz—(2+4)[=3  means the distance from zto the point 2+ is 3,

The locus is a circle with centre 2 +¢ and radius 3.

lz—1° = (2 —1)* +¢*

|z +3i|> = 2 + (y + 3)°
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Equating gives (z —1)* +3* = 2% + (y + 3)®
22 —2c+1+y?=22+4> +6y+9
—2z+1=6y+9 ,s0Z+3y+4=0

lz—2[<|z+2|  means the point z is closer to 2 than to —2 on the real axis.
Algebraically, (z —2)* +3* < (z +2)? + ¢

22 —dzx+d4<z?+4z+4

-8z <0 ,SO$>O.

The region is the half-plane to the right of the imaginary axis, excluding the axis.
144 = v/2(cos 45° + i sin 45°)

Multiplication by 1+ is an enlargement with scale factor V2 and a rotation of 45° anticlockwise about
the origin.

Forz=2—i jw=(1+1i)(2—1)

w=2—4i+2i—i2=3+1i
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